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Coupled Cluster summary

The wavefunction is given by

W) = [Wee) = e [dg) = <Z T") |®o),

where N represents the maximum number of particle-hole
excitations and T is the cluster operator defined as

7\-:?-1+?-2+...+7\-N
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Coupled Cluster summary cont.

The energy is given by

Ecc = (®o||®o),

where is a similarity transformed Hamiltonian

~

Hi = H — (| H|®p).
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Coupled Cluster summary cont.

The coupled cluster energy is a function of the unknown cluster
amplitudes t71%:-4" given by the solutions to the amplitude
. 1/2---In
equations
0 = (®%12 D).

l...In
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Coupled Cluster summary cont.

is expanded using the .

e

and simplified using the connected cluster theorem

< (), 3 (T, ()4
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CCSD with twobody Hamiltonian

Truncating the cluster operator T atthe n=2 level, defines
CCSD approximation to the Coupled Cluster wavefunction. The
coupled cluster wavefunction is now given by

Wee) = el 72| dg)
where
=) t?ala;
ia
]

T _ abt ot 5. 4.
= 421‘,] aLaj a;a;.
ijab
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CCSD with twobody Hamiltonian cont.

Normal ordered Hamiltonian

H= pr{ paq} 1Z<pq||rs>{apagasar}

pars
+ Ep

= //':N—l-VN—i-Eo :/:IN—FEO
where

= (pltlq) + >_(pilV|ai)
(pqllrs) = (pq|V|rs)
Eo = 3 (i) + 5 S (i1

i ff

7/115



Diagram equations - Derivation

Contract Hy with T in all possible unique combinations that
satisfy a given form. The diagram equation is the sum of all
these diagrams.
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Diagram equations - Derivation

Contract Hy with T in all possible unique combinations that
satisfy a given form. The diagram equation is the sum of all
these diagrams.

» Contract one HN element with 0,1 or multiple T elements.
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Diagram equations - Derivation

Contract Hy with T in all possible unique combinations that
satisfy a given form. The diagram equation is the sum of all
these diagrams.

» Contract one HN element with 0,1 or multiple T elements.
» All T elements must have atleast one contraction with HN.
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Diagram equations - Derivation

Contract Hy with T in all possible unique combinations that
satisfy a given form. The diagram equation is the sum of all
these diagrams.

» Contract one HN element with 0,1 or multiple T elements.
» All T elements must have atleast one contraction with HN.

» No contractions between T elements are allowed.
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Diagram equations - Derivation

Contract Hy with T in all possible unique combinations that
satisfy a given form. The diagram equation is the sum of all
these diagrams.

» Contract one HN element with 0,1 or multiple T elements.
» All T elements must have atleast one contraction with HN.

» No contractions between T elements are allowed.

» Asingle T element can contract with a single element of
Hy in different ways.
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Diagram elements - Directed lines

% #

Figure : Particle line Figure : Hole line

» Represents a contraction between second quantized
operators.

» External lines are connected to one operator vertex and
infinity.

» Internal lines are connected to operator vertices in both
ends.
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Diagram elements - Onebody Hamiltonian

Level : -1 Level : +1
Level : 0 Level : O

» Horisontal dashed line segment with one vertex.

» Excitation level identify the number of particle/hole pairs
created by the operator.
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Diagram elements - Twobody Hamiltonian

Level : -2

Level : O

>\/

Level : +1

o

Level : O

>\/

Level : +1

o

Level : 0

Level : +2
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Diagram elements - Onebody cluster operator

W

Level : +1

» Horisontal line segment with one vertex.
» Excitation level of +1.
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Diagram elements - Twobody cluster operator

WY

Level : +2

» Horisontal line segment with two vertices.
» Excitation level of +2.
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CCSD energy equation - Derivation

Eccsp = (Pol|Po)

» No external lines.
» Final excitation level: 0

Elements : HN Elements : T
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CCSD energy equation
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Diagram rules

» Label all lines.
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Diagram rules

» Label all lines.
» Sum over all internal indices.
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Diagram rules

» Label all lines.
» Sum over all internal indices.
» Extract matrix elements. (", (lout, rout||lin, rin))

in ?
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Diagram rules

Label all lines.
Sum over all internal indices.
Extract matrix elements. (2™, (lout, rout||lin, rin})

in ?
Extract cluster amplitudes with indices in the order left to
right. Incoming lines are subscripts, while outgoing lines

are superscripts. (to" flout,rout

in ? ‘lin,rin )

v

v

v

v
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Diagram rules

» Label all lines.
» Sum over all internal indices.
» Extract matrix elements. (", (lout, rout||lin, rin))

in ?
» Extract cluster amplitudes with indices in the order left to
right. Incoming lines are subscripts, while outgoing lines

are superscripts. (to" flout,rout

in ? “lin,rin )

» Calculate the phase: (—1)holelines+loops
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Diagram rules

» Label all lines.
» Sum over all internal indices.
» Extract matrix elements. (", (lout, rout||lin, rin))

in ?
» Extract cluster amplitudes with indices in the order left to
right. Incoming lines are subscripts, while outgoing lines

are superscripts. (£2%, "5

» Calculate the phase: (—1)holelines+loops

» Multiply by a factor of % for each equivalent line and each
ecuivalent vertex.
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CCSD energy equation

- 1. 1.
Eccsp = faff + Z<U||ab>ffb + §<U|Iab>t;3tlb

Note the implicit sum over repeated indices.
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CCSD T; amplitude equation - Derivation

0 = (&7||®o)
» One pair of particle/hole \/
external lines.
» Final excitation level: +1
Elements : FIN Elements : T
—————— X
e N v/
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A~

CCSD T; amplitude equation
A/



Diagram rules

» Label all lines.
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Diagram rules

» Label all lines.
» Sum over all internal indices.
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Diagram rules

» Label all lines.
» Sum over all internal indices.
» Extract matrix elements. (", (lout, rout||lin, rin))

in ?
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Diagram rules

Label all lines.
Sum over all internal indices.
Extract matrix elements. (2™, (lout, rout||lin, rin})

in ?
Extract cluster amplitudes with indices in the order left to
right. Incoming lines are subscripts, while outgoing lines

are superscripts. (to" flout,rout

in ? ‘lin,rin )

v

v

v

v
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Diagram rules

» Label all lines.
» Sum over all internal indices.
» Extract matrix elements. (", (lout, rout||lin, rin))

in ?
» Extract cluster amplitudes with indices in the order left to
right. Incoming lines are subscripts, while outgoing lines

are superscripts. (to" flout,rout

in ? “lin,rin )

» Calculate the phase: (—1)holelines+loops
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Diagram rules

» Label all lines.
» Sum over all internal indices.
» Extract matrix elements. (", (lout, rout||lin, rin))

in ?
» Extract cluster amplitudes with indices in the order left to
right. Incoming lines are subscripts, while outgoing lines

are superscripts. (£2%, "5

» Calculate the phase: (—1)holelines+loops

» Multiply by a factor of % for each equivalent line and each
ecuivalent vertex.
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CCSD T; amplitude equation

. 1
0 = 2+ fatf — fM2 + (mal|ei)ts, + e 1 §<am\|ef>t,$,§

1 : ,
— o (mnllentan — 715 + (aml|ef)tfty, — (mnei)t5t]

1 1
+ (mnl|ef) 5t — 5 (mnl|ef) i 13, — o (mnl|ef) it

— (mn||ef)tetat
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CCSD T amplitude equation - Derivation

0 = (¢§°]|o)

» Two pairs of particle/hole
external lines. \/ \/

» Final excitation level: +2

Elements : HN Elements : T
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CCSD T amplitude equation

WAV IENYANY
O AV AV N AV VRV,
WAV ISV Y VAWV AW,
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Diagram rules

» Label all lines.
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Diagram rules

» Label all lines.
» Sum over all internal indices.
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Diagram rules

» Label all lines.
» Sum over all internal indices.
» Extract matrix elements. (f°", (lout, rout||lin, rin))

in ?
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Diagram rules

Label all lines.

v

» Sum over all internal indices.
Extract matrix elements. (2", (lout, rout||lin, rin))

in ?
Extract cluster amplitudes with indices in the order left to
right. Incoming lines are subscripts, while outgoing lines

are superscripts. (to, floutrout)

in ? ‘lin,rin

v

v
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Diagram rules

» Label all lines.
» Sum over all internal indices.
» Extract matrix elements. (f°", (lout, rout||lin, rin))

in ?
» Extract cluster amplitudes with indices in the order left to
right. Incoming lines are subscripts, while outgoing lines

are superscripts. (to, floutrout)

in ? ‘lin,rin

» Calculate the phase: (—1)holelines+loops
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Diagram rules

» Label all lines.
» Sum over all internal indices.
» Extract matrix elements. (f°", (lout, rout||lin, rin))

in ?

» Extract cluster amplitudes with indices in the order left to
right. Incoming lines are subscripts, while outgoing lines
are superscripts. (12, v

» Calculate the phase: (—1)holelines+loops

» Multiply by a factor of % for each equivalent line and each

ecuivalent vertex.
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Diagram rules

» Label all lines.
» Sum over all internal indices.
» Extract matrix elements. (f°", (lout, rout||lin, rin))

in ?

» Extract cluster amplitudes with indices in the order left to
right. Incoming lines are subscripts, while outgoing lines
are superscripts. (12, v

» Calculate the phase: (—1)holelines+loops

» Multiply by a factor of % for each equivalent line and each

ecuivalent vertex.

» Antisymmetrize a pair of external particle/hole line that
does not connect to the same operator.
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CCSD T amplitude equation

0 = (abl|ij) + P(ij)(abl|ej)tf — P(ab)(aml|i)t; + P(ab)fgti® — Pt

_l’_

+
NI = B[N =N

+

+ o+

+

e’
1 1 .. .. .
(abl|ente" + E(mnlll!ﬂﬁfé + P(ij)P(ab){mb||ej)t77

P(i)(abl|ef)tFt] + %P(ab)(mnllifﬂﬁﬁﬁ — P(ij)P(ab){mb||ej)t7 t7,

im “nj

(mnllef) g'138 + ~ P(i)P(ab)(mr|en g2 e — © P(ab)(mnlef) e,

P(ij)(mn||ef)teh 13> — P(ij)fTtet2L — P(ab)flt2eto,

'mi “nj i ‘mj ij

P(ij)P(ab)(am||ef)tt® — %P(ab)(am”ef}t,ff tp, + P(ab)(bm||eftZeth,

i *mj

P(i)P(ab){mnl|ej) t35t7 + EP(U)<mnHej>f,-ef,?f,’7 — P(ij)(mn]|ei) tht5

m*nj

1. 1. .
5P(U)P(ab)(amllefﬂffffﬁ, + 5P(U)P(ab)<mn\\e/>fff%fﬁ

%P(U)(mn\\ef)t?tﬁ,‘,’,tf — P(ij)P(ab){mn||ef)t°t2

i i ‘mtnj

%P(ab)(mn\\ef)t,?,t;ft,‘,’ — P(if){mnl|ef)t5t/ 12> — P(ab)(mn]|ef)tZtht}
L PU)P(@b)(mrlenie i
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The expansion

2o = v+ [ 7]+ [ 7], 7 & ([ )., 7

2 ([P 7] 7. 7] . 7] + +)1wo)

o= w2 o 7]+ [ 7], 7] o 3 [ [ 7] 7.7

AAAAA
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The CCSD energy equation revisited

The expanded CC energy equation involves an infinite sum

over nested commutators

Ecc = <‘|’0|<ANJr [/:IN’ ﬂ +% [
g [[[w 7. 7.7]
+a ([P 7] 707

]

] ++) 1o,

but fortunately we can show that it truncates naturally,

depending on the Hamiltonian.

The first term is zero by construction.

(Wo|H|Wo) = 0

47/115



The CCSD energy equation revisited.

The second term can be split up into different pieces

(W [F/N, ﬂ W) = <w0|([ﬁN, ﬂ i [ﬁN, 'Afg} n [\“/N, “TJ n [\“/N, “T2D|w0>

Since we need the explicit expressions for the commutators both in
the next term and in the amplitude equations, we calculate them
separately.
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The expansion - [IA:N, ?1]

o ] = 32 (8 {sb o {ata} - o {ela} (s}

paia

-3 e ({abaq) {aar} - {abar} {ahac))

paia
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The expansion - [IA:N, ?1]

o ] = 32 (8 {sb o {ata} - o {ela} (s}

paia

-3 e ({abaq) {aar} - {abar} {ahac))

paia

{aba} {abao} = {ahaiabas)
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The expansion - [IA:N, ?1]

o ] = 32 (8 {sb o {ata} - o {ela} (s}

paia

— 3 ({a},aq} {aLa,-} — {aLa,-} {afaaq})

paia

{aLa,-} {a},aq} = {aLa,-a},aq} = {a},aqagai}
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The expansion - [IA:N, ?1]

o ] = 32 (8 {sb o {ata} - o {ela} (s}

paia

— 3 ({a},aq} {aLa,-} — {aLa,-} {afaaq})

paia

{aLa,-} {a}aq} = {aLa,-a},aq} = {a}aqagai}
{a},aq} {aLa,-} = {a},aqal,a,-}
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The expansion - [IA:N, ?1]

o ] = 32 (8 {sb o {ata} - o {ela} (s}

paia

-5 (ot ()  ota) e}

paia

(sia} [} - dhasar) [
(s} (s} ~ sl

~
{Gandds) + {atfcdtar)
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The expansion - [IA:N, ?1]

o ] = 32 (8 {sb o {ata} - o {ela} (s}

-3 () {in) - ) ()
(oo {2 {
(e e} -

aaa,apaq} {apaqa:[:zal}
apaqap a,}
—
{Gandds) + {atfcdtar)
£ LA
+ 3 apagaka
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The expansion - [IA:N, ?1]

o ] = 32 (8 {sb o {ata} - o {ela} (s}

paia

-5 (ot ()  ota) e}

pgia
{ }{apaq} {aaa,apaq} {apaqafaa,}
{abaof {abar} = {dhagala}
—
+ {a},aqaga,} + {a}aqal,a,}
i1 1
+ ¢ 8paq333;
= {aTa aTa-} + 0 {aTa-}JrcS -{a aT}JrcS Opi
peqiadi ga \ Gpdi pi qa qalpi
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The expansion - [IA-‘N, 'Aﬂ]

Wicks theorem gives us

{a}aq} {aLa,-} — {aga;} {a},aq} = 0ga {a{,a,-} + Opi {aqaL} + dgadpi-

Inserted into the original expression, we arrive at the explicit
value of the commutator

[I:_N, ?’1] = Z fgtf’ {az,a,-} 4k Z fétf {aqaz} . Zfétf
ai

pai qai
- (),

The subscript means that the product only includes terms
where the operators are connected by atleast one shared index.
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The expansion - [IA-‘N, ?2]

[F‘N, ?'2] = [zq: fé’{afaaq} Ztab{ aba,a,}]

ijab

p
15 [{aha} {aelna)
pq

ijab

=7 Z e ({apaq} {aLaLa/af} B {aLaLa,-a,-} {aLaq})

/jab
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The expansion - [IA-'N, Tg]

{aLaLa,-a,-} {aLaq} = {aLaLa,-a,-aZ,aq}
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The expansion - [IA-'N, Tg]

{aLaLa,-a,-} {aLaq}

{aLaLaja,-aZ,aq}

_J ot T ot
= {apaqaaabaja,-}
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The expansion - [IA-‘N, ?2]

{aLaLa,-a,-} {a},aq}

{aLaLa,-a/aZ,aq}

| T ot
{apaqaaabaja,-}

{a},aq} {aLaLa,-a,-} = {a},aqa‘gagajaf}
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The expansion - [IA-‘N, ?2]

{aLaLa,-a,} {apaq}
{aTa }{a a aa}
p3g [ | Fadpdji

aba,a,apaq}

=
{a aqaaaba,a,}
{

1

it T At i T At
apaqaaaba,a,} + { apagasapa;a; ¢ + apaqaaaba,-a,-J

tL 1y tL 1)
+ S apaqasa,a;a; ¢ + 4 apaqaxa,a;a;
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The expansion - [IA-‘N, ?2]

{aLaLa,-a,} {apaq}

{ aba,a,apaq}
{a aqaaaba,a,}
{ ot |

ala,alal aa; ala,alal aa; alasatal a;a;
pdqaad,3;8j ¢ + | pdqaadydjai ¢ + p8qdadyddi

{az,aq} {aaaba,a,}

tL 1y t1 1) tL 1y g
+ 3 apagakajaja; ¢ + { apagasa,aa ¢ + < apagasana;

i1 1y g t L 1)y tL 1)
+ < apagaka,aiai ¢ + < ahagaapajai ¢ + | apaqasa,a;
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The expansion - [IA-‘N, ?2]

{aLaLa,-a,} {apaq}
{aTa }{a a aa}
p3g [ | Fadpdji

aba,a,apaq}

t o ot ot t o Aot ]
apaqaaaba,a,} T\ 22023 | + | By

=
{a aqaaaba,a,}
{

tL 1y t1 1) tL 1y g
+ 3 apagakajaja; ¢ + { apagasa,aa ¢ + < apagasana;

iDL iDL il i Lok
+{ apagatalaja; o + < abaqaLayaa; ¢ + < apdqaLa,a;
= {a}aqalagaja,} - {aqaLaLa/} + Opi {aqalagaj}
5 ‘alaal—s talaal —s5.6 T 5.
1 0ga | 8p8p ;8 gb \ p8ad;a; pi0qa | 8pai
ar 5p/5qa {aLaj} ar 5pj5qb {afaa,-} = 5pi5qb {afaa,-}

63/115



The expansion - [IA-‘N, ?2]
Wicks theorem gives us
({a,f,aq} {aLaLaja-} - {aTaLa,a } {a,f,aq})
_ {aqaLaL } + Opi {aqaaaba,} + dga { al aia }
— dgb {a},ala,a,} — 0pilga {aba,} + 8pifqa {aba,} + 8pj0gb {al,a,-}

— Opidgp {alaj}
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The expansion - [IA-‘N, ?2]

Wicks theorem gives us

({a,f,aq} {aLaLaja-} - {aTaLa,a } {a,f,aq})
— 0 {aqaLaL } + Opi {aqaaaba,} + dga { al aia }
— Jgb {a,T-,aLa,a,} — 0pj0ga {aba,} + 8pifqa {aba,} + 8pj0gb {afaa,-}
= 5pi5qb {aLaj}
Inserted into the original expression, we arrive at
[I?N, 7'2] = % > fé’t,-jf‘b(—zip,- {aqafaaz,a,-} + Opi {aqafaaz,aj}
pg
m
+ dga {a})a},a, } Sab {a,tala, } Spj0qa {aLa }

+ dpidqa {aba,} + 8pjdgb {aLa,} — Opidgn {aLa,}).
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The expansion - [IA-‘N, ?2]

After renaming indices and changing the order of operators, we
arrive at the explicit expression

[IA:N, 7'2] =5 Z f e {aqaaabaj} Z 512 {apabaja,}

qijab pl/ab

+) _frPla { baj}

ijab
- (ﬁN?z) c

The subscript implies that only the connected terms from the
product contribute.
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The expansion - 3 HI?N, ?1] ,7’1]

[i:-N, 7-1} = Z ot {a;ryai} + Z 1t {aqaL} -+ Z f 2
ai

pai qai
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The expansion - 3 H/t_/v, ?1] ,7’1]

[P t] =S e {aha - S e (et} + 3

pai qai

[P 7] T = [prta{ap} Zf’ta{aan} Ea;f;ga,%:gb{agaj}

pai qai
= {Z i {a},a,-} - Z frtd {aqal} : Z 17 {aLaj}
pai
=" Rk Hapa,} {aba,H Z fl tatb Haqaa} {aLajH
pabij
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The expansion - 3 H/t_/v, ?1] ,7’1]

[P t] =S e {aha - S e (et} + 3

pai qai

[P 7] T = [prta{ap} Zf’ta{aan} Ea;f;ga,%:gb{agaj}

pai qai
= {Z i {a},a,-} - Z frtd {aqafa} : Z 17 {aLaj}
pai
=" Rk Hapa,} {aba,H Z fl tatb Haqaa} {aLajH
pabij

5. ol — Jalgaligl — J ol o5
{aba,} {apa,} = {aba,apa,} = {apa,aba,}
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The expansion - 3 H/t_/v, ?1] ,7’1]

[P t] =S e {aha - S e (et} + 3

pai qai

[P 7] T = [prta{ap} Zf’ta{aan} Ea;f;ga,%:gb{agaj}

pai qai
= {Z i {a},a,-} - Z frtd {aqafa} : Z 17 {aLaj}
pai
=" Rk Hapa,} {aba,H Z fl tatb Haqaa} {aLajH
pabij

T 5. Ta.l — Jalgatal ) ot oot o
{aba,} {apa,} = {aba,apa,} = {apa,aba,}
i 1 QU B Tl Tt
{aba,-} {aqaa} = {abajaqa } = {aqaaabaj}
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The expansion - HIEN, ?1] ,7’1]

% HIEN’?J ’?1} - (Z AR {a,ab} Z fl tatb5qb{aaa]}>
pabij qgabij
= —%22 fleatb {aaa,}
abij
== a% et { aka}

-3 (A7),
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The CCSD energy equation revisited

(@ol | U, T3] [90) = (@ H > (pallrs) { ahabasa } .3 £ {aLa,-}] o)

pqrs ia
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The CCSD energy equation revisited

(@ol | U, T3] [90) = (@ [} > (pallrs) { ahabasar | . 3 o2 {azaf}] o)

pqrs ia

= 2 X tpallrs)t (ool [{ababasar ) {aba}] o)
par
sia
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The CCSD energy equation revisited

(@ol | U, T3] [90) = (@ [} > (pallrs) { ahabasar | . 3 o2 {azaf}] o)

pqrs ia

= 2 X tpallrs)t (ool [{ababasar ) {aba}] o)
par
sia

=0
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The CCSD energy equation revisited

(®o [VN, ?'2} |®o) =

(Do %Z(pq||rs>{apaqasar} Zfab{aaaba/a/} o)

pars ijab
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The CCSD energy equation revisited

(Do [\A/Ny ?-2} |®o) =

(®o] %Z(pq||rs> {apaf,asa,} lztl}?b{agazaja,} |®o)

pars ijab

=15 Z (pq||rs) 2 (| Hapaqasa,} {aLaLaja,-H |®o)

sqab
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The CCSD energy equation revisited

(Do [\A/N, ?-2} |®o) =

(®o] [%Z<pqllr8> {apaqasar} Ztab{aaaba,a,}] |®o)

pars ijab

=15 Z (pq||rs) 2 (| Ha,oaT asa,} {alaLa,-a,-H |®o)

sqab

[ LT 111 [T 111
~ 16 Z (pql|rs)t2 ¢o|({apa§asa,a2aza,a, + 1 abalasarahal aja;
par
sijab

g ot L0y T of T ot
8,8q858r8,8,8;8j ¢ + | Ap3qasdrayaya;a; )|d>0)
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The CCSD energy equation revisited

(Do [\A/N, ?-2} |®o) =

(®o] [%Z<pqllr8> {apaqasar} Ztab{aaaba,a,}] |®o)

pars ijab

=15 Z (pq||rs) 2 (| Ha,oaT asa,} {alaLa,-a,-H |®o)

sqab

[ LT 111 [T 111
~ 16 Z (pql|rs)t2 ¢o|({apa§asa,a2aza,a, + 1 abalasarahal aja;
par
sijab

g ot L0y T of T ot
8,8q858r8,8,8;8j ¢ + | Ap3qasdrayaya;a; )|d>0)

1 ..
= 2 D lillab)g

ijab
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The CCSD energy equation revisited

The CCSD energy get two contributions from (Hﬁ')

c

Ecc < (%o [/:/M ﬂ [®o)

a1
_ Z Rt + 7 > (ifl|ab) 12
1a

ijab

79/115



The CCSD energy equation revisited

1,
Ecc < <¢o\§ (HNT2>C |Po)
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The CCSD energy equation revisited
Ecc = <¢0\% (/t//v?z)c |®o)
<<'>o|1 (VNﬁZ) [®0) =

a ZZ pq||rs)t2tP (| ({apaj,asa,} {al,a,-} {a},aj})c Do)

pqrs ijab
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The CCSD energy equation revisited
Ecc <= <¢0|% (/t//\/7'2>C |®o)

<<l>o|1 (WT2)_1o0) =

1 ZZ (pq|rs) t212 (o) ({apai,asar} {ala,-} {a},aj})c |o)

pqrs ijab

- —ZZ (pql|rs)ttf (®o

pqrs jjab

Tlﬁ L1l |TITI_|:|—||T| |T|T| —|T ITI
( apagasarapaia,aj ¢ + < apay asa,aaa,aba, + ¢ ayajasara,a;a,a;

nessnEl
+ {a},aT asaraha;a) a )|d>o)
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The CCSD energy equation revisited
Ecc <= <¢0|% (/t//\/7'2>C |®o)

<<l>o|1 (WT2)_1o0) =

1 ZZ (pq|rs) t212 (o) ({apai,asar} {ala,-} {a},aj})c |o)

pqrs ijab

- —ZZ (pql|rs)ttf (®o

pqrs jjab
Tlﬁ L1l |TITI_|:|—||T| |T|T|—|T ITI
( apagasarapaia,aj ¢ + < apay asa,aaa,aba, + ¢ ayajasara,a;a,a;
nnsenEN
+{aTaTaaaTaaa )|<1> )
P EEFEREIEfEY 0

1 .
=5 > _liillab)ttf

ijab
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The CCSD energy equation revisited

» No contractions possible between cluster operators.
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The CCSD energy equation revisited

» No contractions possible between cluster operators.

» Cluster operators need to contract with free indices to the
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The CCSD energy equation revisited

» No contractions possible between cluster operators.

» Cluster operators need to contract with free indices to the
left.

» Disconnected parts automatically cancel in the
commutator.

» Onebody operators can connect to maximum two cluster
operators.

» Twobody operators can connect to maximum four cluster
operators.

» Different terms in the expansion contributes to different
equations.
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Factoring, motivation
Diagram (2.12)

—_

= g (mnllen ',

Diagram (2.26)

1_,.
N i

Diagram (2.31)

\A/\A/ = %P(U)P(ab)<mn||ef>tf oty th
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Factoring, motivation
Diagram (2.12)

(mn|ef)te' 127

FN

f o bt
Diagram cost: ngni;

Diagram (2.13) - Factored

(mnl|ef)te' tap

FNEN

1
= 7 ((mljents") 2
1

o
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Factoring, motivation
Diagram (2.26)

M = 3Pl i

Diagram cost: njnf
Diagram (2.26) - Factored

1 ..
) i

Pt Xg"

I

P(i)tam Y™
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Factoring, motivation
Diagram (2.31)

\A/\ZA&/ = L PU)P(ab)(mrlent et

f it
Diagram cost: ngni;

Diagram (2.31) - Factored

\A/\A/ = L PU)P(ab)(mrlent it

|
= 4 P P@b) R EXS"

n' ej

b
= 4 PUDP(ab) R V™

n Vi

;
= 4 Pi)P(ab)Z]™
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Factoring, Classification

A diagram is classified by how many hole and particle lines
between a T; operator and the interaction (T;(p"Ph™")).

Diagram (2.12) Classification

(mnl|ef)te'tan

ENJ[N

This diagram is classified as To(p?) x To(h?)
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Factoring, Classification

Diagram (2.26)

1_,.
\ZA\M = 2Pl (mnllent? it

This diagram is classified as To(h?) x T1(p) x T1(p)
Diagram (2.31)

\A/\/X/ = PU)P(ab)(mnllen Piay e

This diagram is classified as T1(p) x T1(p) x T1(h) x T1(h)
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Factoring, Classification

Cost of making intermediates

Object CPU cost | Memory cost
To(h) ngnh ”er
To(h?) n n,°n2
T2(p) Nol n:
To(ph) NpNp 1
T:(h) np n, 'np
To(ph?) Np n,”
T>(p?) n” n,°n?
T1(p) Nk n, " ny
T2(p?h) N n,”
T:(ph) 1 n,'ny’
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Factoring, Classification

Classification of T; diagrams

Object Expression id
To(ph) 5, 11

T1(h) 3,8,10, 13, 14
To(ph?) || 7,12

T1(p) 2,8,9,12, 14
To(p?h) || 6, 13

T1(ph) 4,9,10, 11, 14
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Factoring, Classification

Classification of T, diagrams

Object Expression id
To(h) 5, 15, 16, 23, 29
To(h?) 7,12,22, 26

p) 4,14,17, 20, 30

8,13, 13, 18, 21, 27

3,10, 10, 11, 17,19, 21, 24, 25, 25, 27, 28, 28, 30, 31, 31

14

6,12, 19, 28

2,9,9, 11,16, 18, 22, 24, 24, 25, 26, 26, 27, 29, 31, 31

15

20, 23, 29, 30
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Factoring, To(h)

Contribution to the T, amplitude equation from T(h)

y 1. .
Ta(h) < —P(i)i" e — S P mnllen) gt — PUIT it
— i) (mnl i) 52 — P(ij){mnl ef) 5t/ 5F
y . 1
= —P()EE [+ (mnllje)ts + 5 (mnilef)te!
+ g@(fem + <mn||ef>t,§)]
= —P(i) (3 (3]
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Factoring, To(h?)

Contribution to the T, amplitude equation from T,(h?)

1, 1 . -
To(1) <= 5 (mnlli) 125, + 5 (mnl e 125 + 2 P(ij)mnlej) tf 2
1_,.
+ g Pl mnl|ef) F tontf
1 5 1 f
= t2 [ ¢mnlli) + 5 (mnllef)
j .
+ PGt (¢mnllie) + 5 (mnlife)])|
1 _
— Et;’;'ff,(H9),fj"”
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Factored T1 amplitude equations

e 1 _
0 = f7 -+ (mal|ei)ts, + 5 (aml|ef)t5] + tF(12a)g — t7,(H3)"

1 _ _
+ S (RT)E + (2R

Can be solved by
1. Matrix inversion for each iteration (n3n?)
2. Extracting diagonal elements (n3n2)
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Factored T; amplitude equations

1 _
S (amllefntes + t#(12a)% — E3(F3)]

1ten(H7)’"” + t28(H1)T

0 = 2+ (mal|ei)ts, +
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Factored T1 amplitude equations

1 _
S (amllefntes + t#(12a)% — E3(F3)]

+ tERET)E + 1321

= 2+ (mal|ei)te, + t3(12a)2 + (1 — dea)t°(122)2

0 = 2+ (mal|ei)ts, +

_ _ 1 1
— (3)] — (1 — S (FR)]" +  (amllef)tgh + Stea (AT)E"
+ t2°(H1)T
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Factored T1 amplitude equations

e ] _
0 = f7 + (mal|ei)ts, + 5 (aml|ef) {57 + 17(12a)3 — £5,(F3)"

+ tERET)E + 1321
= f2 + (mal|ei)ts, + t7(12a)2 + (1 — Sea)tf (122)2
— (A3, — (1~ 5m) (AR)T + T (amllenEh + 5 e (AT)E"
+ t5 (H1)g
= 12+ 12((120)2 - (A3)]) + {malei)
(1~ Sa)tP(120)3 — (1 — ) ()T + S {amlen !
1

+ Stmn(H7)ig" + i (1)

N
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Factored T1 amplitude equations

Define _
Df = (H3); — (2a)3,

and we get the Ty amplitude equations
D?t? = f2 + (mal|ei)ts, + (1 — dea)t’ (122) 2

1

+ 5 (amllents)
1 _ _

+ (AT + 22(A1)D.

— (1 — Omi) 5 (H3);"
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Factored T, amplitude equations

. U 1.,
0 = (abl[ij) + §<abl\ef>t,-7f — P(if)t5y (F3) + Et%%(H%,’-}’”
+ P(ab)ti®(F2)3 + P(if)P(ab)tis(110c)5° — P(ab)td(I12a)™

m
+ P(itP(11a)Z

Can be solved by
1. Matrix inversion for each iteration (nng)
2. Extracting diagonal elements (ngn?)
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Factored T, amplitude equations

Similarily we define
DZP = (F3); + (A3), — (A2)Z — (H2)}

and get the T, amplitude equations

DiPt® = (abl|ij) + (abl\efﬂ,?f P(i)(1 — &m) 7 (H3)]"

1 B}
+ 5tam(H9)J" + P(ab)(1 — dpe)tj°(H2)g
+ P(ij)P(ab)t2¢(110c) 7P — P(ab)t3(112a)]"®

+ P(ij)t? (111 a)ej
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